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Dimensions in Program Synthesis

Behavioral Specification
- What should the program do?

Structural Specification
- What is the space of the programs?

Synthesis Strategy
- How do we find such a program?



The Course So Far
Behavioral Specification
- What should the program do?

Structural Specification
- What is the space of the programs?

Synthesis Strategy
- How do we find such a program?

Enumeration
- Enumerating all programs with a grammar
- Bottom-up vs top-down

1. Examples
2. Types
3. Functional Specifications
4. Natural Language

Context-Free / Regular Tree Grammar
Expr e ::= c | e + e | e * e



Today
Behavioral Specification
- What should the program do?

Structural Specification
- What is the space of the programs?

Synthesis Strategy
- How do we find such a program?

Data-Driven Approaches
- Modeling programs as token sequences

1. Examples
2. Types
3. Functional Specifications
4. Natural Language

General Purpose Programming Language
Python / Java / C / Rust / …
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High Level Picture

Space of all 
the strings

Desired Program

Space of all syntactically 
correct programs

(Program) P ::= L | N
    (List) L ::= input
               | empty
               | single(N)
               | concat(L, L)
  (Number) N ::= len(L)
               | min(L)
               | add(N, N)
               | 0 | 1 | 2 | …



Small Domain Specific Language (DSL)

(Program) P ::= L | N
    (List) L ::= input
               | empty
               | single(N)
               | concat(L, L)
  (Number) N ::= len(L)
               | min(L)
               | add(N, N)
               | 0 | 1 | 2 | …



https://docs.python.org/3/library/ast.html

Formal Python 3 Abstract Syntax

https://docs.python.org/3/library/ast.html




lambda a, b:  a < b
Expr(
  value=Lambda(
    args=arguments(
      args=[
        arg(arg='a’), 
        arg(arg='b')]), 
    body=Compare(
      left=Name(id='a’), 
      ops=[Lt()], 
      comparators=[
        Name(id='b’)
      ])
  ))



res = [i for i in arr if i > 0]
Assign(
  targets=[Name(id='res')], 
  value=ListComp(
    elt=Name(id='i’), 
    generators=[
      comprehension(
        target=Name(id='i’), 
        iter=Name(id='arr’), 
        ifs=[
          Compare(
            left=Name(id='i’), 
            ops=[Gt()], 
            comparators=[
              Constant(value=0)
            ])
        ])
    ]))



while i < 10: i += 1
???

Practice





Module(
  body=[
    Expr(
      value=Constant(value='\nSelf-analysing script:\n- Parses its own source into a Python AST\n- Prints the AST (pretty-dumped)\n- Computes and prints:\n    * size  = total number of AST nodes (including the root `Module`)\n    * depth = maximum path length 
from the root to any leaf (in nodes)\n')),
    Import(
      names=[
        alias(name='ast')]),
    Import(
      names=[
        alias(name='inspect')]),
    Import(
      names=[
        alias(name='sys')]),
    FunctionDef(
      name='ast_size',
      args=arguments(
        args=[
          arg(
            arg='node',
            annotation=Attribute(
              value=Name(id='ast', ctx=Load()),
              attr='AST',
              ctx=Load()))]),
      body=[
        Expr(
          value=Constant(value='Total count of nodes in the AST (includes the root).')),
        Return(
          value=Call(
            func=Name(id='sum', ctx=Load()),
            args=[
              GeneratorExp(
                elt=Constant(value=1),
                generators=[
                  comprehension(
                    target=Name(id='_', ctx=Store()),
                    iter=Call(
                      func=Attribute(
                        value=Name(id='ast', ctx=Load()),
                        attr='walk',
                        ctx=Load()),
                      args=[
                        Name(id='node', ctx=Load())]),
                    is_async=0)])]))],
      returns=Name(id='int', ctx=Load())),
    FunctionDef(
      name='ast_depth',
      args=arguments(
        args=[
          arg(
            arg='node',
            annotation=Attribute(
              value=Name(id='ast', ctx=Load()),
              attr='AST',
              ctx=Load()))]),
      body=[
        Expr(
          value=Constant(value='Maximum depth of the AST (in nodes). Leaf has depth 1.')),
        Assign(
          targets=[
            Name(id='children', ctx=Store())],
          value=Call(
            func=Name(id='list', ctx=Load()),
            args=[
              Call(
                func=Attribute(
                  value=Name(id='ast', ctx=Load()),
                  attr='iter_child_nodes',
                  ctx=Load()),
                args=[
                  Name(id='node', ctx=Load())])])),
        If(
          test=UnaryOp(
            op=Not(),
            operand=Name(id='children', ctx=Load())),
          body=[
            Return(
              value=Constant(value=1))]),
        Return(
          value=BinOp(
            left=Constant(value=1),
            op=Add(),
            right=Call(
              func=Name(id='max', ctx=Load()),
              args=[
                GeneratorExp(
                  elt=Call(
                    func=Name(id='ast_depth', ctx=Load()),
                    args=[
                      Name(id='ch', ctx=Load())]),
                  generators=[
                    comprehension(
                      target=Name(id='ch', ctx=Store()),
                      iter=Name(id='children', ctx=Load()),
                      is_async=0)])])))],
      returns=Name(id='int', ctx=Load())),
    FunctionDef(
      name='main',
      args=arguments(),
      body=[
        Assign(
          targets=[
            Name(id='src', ctx=Store())],
          value=Call(
            func=Attribute(
              value=Name(id='inspect', ctx=Load()),
              attr='getsource',
              ctx=Load()),
            args=[
              Subscript(
                value=Attribute(
                  value=Name(id='sys', ctx=Load()),
                  attr='modules',
                  ctx=Load()),
                slice=Name(id='__name__', ctx=Load()),
                ctx=Load())])),
        Assign(
          targets=[
            Name(id='tree', ctx=Store())],
          value=Call(
            func=Attribute(
              value=Name(id='ast', ctx=Load()),
              attr='parse',
              ctx=Load()),
            args=[
              Name(id='src', ctx=Load())])),
        Expr(
          value=Call(
            func=Name(id='print', ctx=Load()),
            args=[
              Constant(value='=== AST (ast.dump with indentation) ===')])),
        Expr(
          value=Call(
            func=Name(id='print', ctx=Load()),
            args=[
              Call(
                func=Attribute(
                  value=Name(id='ast', ctx=Load()),
                  attr='dump',
                  ctx=Load()),
                args=[
                  Name(id='tree', ctx=Load())],
                keywords=[
                  keyword(
                    arg='indent',
                    value=Constant(value=2))])])),
        Assign(
          targets=[
            Name(id='size', ctx=Store())],
          value=Call(
            func=Name(id='ast_size', ctx=Load()),
            args=[
              Name(id='tree', ctx=Load())])),
        Assign(
          targets=[
            Name(id='depth', ctx=Store())],
          value=Call(
            func=Name(id='ast_depth', ctx=Load()),
            args=[
              Name(id='tree', ctx=Load())])),
        Expr(
          value=Call(
            func=Name(id='print', ctx=Load()),
            args=[
              Constant(value='\n=== Metrics ===')])),
        Expr(
          value=Call(
            func=Name(id='print', ctx=Load()),
            args=[
              JoinedStr(
                values=[
                  Constant(value='Size (number of AST nodes): '),
                  FormattedValue(
                    value=Name(id='size', ctx=Load()),
                    conversion=-1)])])),
        Expr(
          value=Call(
            func=Name(id='print', ctx=Load()),
            args=[
              JoinedStr(
                values=[
                  Constant(value='Depth (max root-to-leaf length): '),
                  FormattedValue(
                    value=Name(id='depth', ctx=Load()),
                    conversion=-1)])]))],
      returns=Constant(value=None)),
    If(
      test=Compare(
        left=Name(id='__name__', ctx=Load()),
        ops=[
          Eq()],
        comparators=[
          Constant(value='__main__')]),
      body=[
        Expr(
          value=Call(
            func=Name(id='main', ctx=Load())))])])

Python: 43 lines

è

AST: 181 Nodes, Depth 10



      names=[
        alias(name='sys')]),
    FunctionDef(
      name='ast_size',
      args=arguments(
        args=[
          arg(
            arg='node',
            annotation=Attribute(
              value=Name(id='ast', ctx=Load()),
              attr='AST',
              ctx=Load()))]),
      body=[
        Expr(
          value=Constant(value='Total count of nodes 
in the AST (includes the root).')),
        Return(
          value=Call(
            func=Name(id='sum', ctx=Load()),
            args=[
              GeneratorExp(
                elt=Constant(value=1),
                generators=[
                  comprehension(
                    target=Name(id='_', ctx=Store()),
                    iter=Call(
                      func=Attribute(
                        value=Name(id='ast', 
ctx=Load()),
                        attr='walk',
                        ctx=Load()),
                      args=[
                        Name(id='node', ctx=Load())]),
                    is_async=0)])]))],
      returns=Name(id='int', ctx=Load())),
    FunctionDef(
      name='ast_depth',
      args=arguments(
        args=[
          arg(
            arg='node',
            annotation=Attribute(
              value=Name(id='ast', ctx=Load()),
              attr='AST',
              ctx=Load()))]),
      body=[
        Expr(

Python: 43 lines

è



Syntax: How big is the space of programs?

E ::= x | f(E, E)

Depth <= 0 x

Depth <= 1 x
f

x x

Depth <= 2 x
f

x x

f

x

f

x

f

f

x x

f

x x

f

x x

f

x x

Size(0) = 1

Size(1) = 2

Size(2) = 5

Size(depth) = 1 + Size(depth – 1)2

Lecture 2, Machine Programming FA25



Syntax: How big is the space of programs?

E ::= x | f(E, E)

size(1) = 1
size(2) = 2
size(3) = 5
size(4) = 26
size(5) = 677
size(6) = 458330
size(7) = 210066388901
size(8) = 44127887745906175987802
size(9) = 1947270476915296449559703445493848930452791205
size(10) = 3791862310265926082868235028027893277370233152247388584761734150717768254410341175325352026

Size(depth) = 1 + Size(depth – 1)2

Lecture 2, Machine Programming FA25



Syntax: How big is the space of programs?

E ::= x | f1(E, E) | ... | fn(E1, E2, …, Em)

n production rules

m arguments

E ::= x | f(E, E)

Size(depth) = 1 + Size(depth – 1)2

Size(depth) = ???
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Syntax: How big is the space of programs?

E ::= x | f1(E, E) | ... | fn(E1, E2, …, Em)

n production rules

m arguments

E ::= x | f(E, E)

Size(depth) = 1 + Size(depth – 1)2

Size(0) = 1
Size(depth + 1) = 1 + (n - 1) Size(depth)m

Size(𝑑) 	= 	𝑶(𝑛!!)



How big is the space of Python programs?
Size(0) = 1

Size(depth + 1) = 1 + (n - 1) Size(depth)m

Python 3: 
- Production rules: ~110 (𝑛 ≈ 110)
- Maximum Arity: ~7 (𝑚 ≈ 7)

Note:
- Not counting that there are an enormous number of 

integers and string literals

Size(𝑑) 	= 	𝑶(𝑛!!)



General Purpose Programming Languages

Python (link)

primary_expression : IDENTIFIER | constant | string | '(' expression ')' | generic_selection
constant : I_CONSTANT | F_CONSTANT | ENUMERATION_CONSTANT
enumeration_constant : IDENTIFIER
string : STRING_LITERAL | FUNC_NAME
generic_selection : GENERIC '(' assignment_expression ',' generic_assoc_list ')'
generic_assoc_list : generic_association | generic_assoc_list ',' generic_association
generic_association : type_name ':' assignment_expression | DEFAULT ':' assignment_expression
postfix_expression : primary_expression | postfix_expression '[' expression ']' | postfix_expression '(' ')' | postfix_expression '(' argument_expression_list 
')' | postfix_expression '.' IDENTIFIER | postfix_expression PTR_OP IDENTIFIER | postfix_expression INC_OP | postfix_expression DEC_OP | '(' type_name ')' '{' 
initializer_list '}' | '(' type_name ')' '{' initializer_list ',' '}'
argument_expression_list : assignment_expression | argument_expression_list ',' assignment_expression
unary_expression : postfix_expression | INC_OP unary_expression | DEC_OP unary_expression | unary_operator cast_expression | SIZEOF unary_expression | SIZEOF '(' 
type_name ')' | ALIGNOF '(' type_name ')'
unary_operator : '&' | '*' | '+' | '-' | '~' | '!'
cast_expression : unary_expression | '(' type_name ')' cast_expression
multiplicative_expression : cast_expression | multiplicative_expression '*' cast_expression | multiplicative_expression '/' cast_expression | 
multiplicative_expression '%' cast_expression
additive_expression : multiplicative_expression | additive_expression '+' multiplicative_expression | additive_expression '-' multiplicative_expression
shift_expression : additive_expression | shift_expression LEFT_OP additive_expression | shift_expression RIGHT_OP additive_expression
relational_expression : shift_expression | relational_expression '<' shift_expression | relational_expression '>' shift_expression | relational_expression LE_OP 
shift_expression | relational_expression GE_OP shift_expression
equality_expression : relational_expression | equality_expression EQ_OP relational_expression | equality_expression NE_OP relational_expression
and_expression : equality_expression | and_expression '&' equality_expression
exclusive_or_expression : and_expression | exclusive_or_expression '^' and_expression
inclusive_or_expression : exclusive_or_expression | inclusive_or_expression '|' exclusive_or_expression
logical_and_expression : inclusive_or_expression | logical_and_expression AND_OP inclusive_or_expression
logical_or_expression : logical_and_expression | logical_or_expression OR_OP logical_and_expression
conditional_expression : logical_or_expression | logical_or_expression '?' expression ':' conditional_expression
assignment_expression : conditional_expression | unary_expression assignment_operator assignment_expression
assignment_operator : '=' | MUL_ASSIGN | DIV_ASSIGN | MOD_ASSIGN | ADD_ASSIGN | SUB_ASSIGN | LEFT_ASSIGN | RIGHT_ASSIGN | AND_ASSIGN | XOR_ASSIGN | OR_ASSIGN
expression : assignment_expression | expression ',' assignment_expression
constant_expression : conditional_expression /* with constraints */
declaration : declaration_specifiers ';' | declaration_specifiers init_declarator_list ';' | static_assert_declaration
declaration_specifiers : storage_class_specifier declaration_specifiers | storage_class_specifier | type_specifier declaration_specifiers | type_specifier | 
type_qualifier declaration_specifiers | type_qualifier | function_specifier declaration_specifiers | function_specifier | alignment_specifier 
declaration_specifiers | alignment_specifier
init_declarator_list : init_declarator | init_declarator_list ',' init_declarator
init_declarator : declarator '=' initializer | declarator
storage_class_specifier : TYPEDEF /* identifiers must be flagged as TYPEDEF_NAME */ | EXTERN | STATIC | THREAD_LOCAL | AUTO | REGISTER
type_specifier : VOID | CHAR | SHORT | INT | LONG | FLOAT | DOUBLE | SIGNED | UNSIGNED | BOOL | COMPLEX | IMAGINARY   

/* non-mandated extension */ | atomic_type_specifier | struct_or_union_specifier | enum_specifier | TYPEDEF_NAME
  /* after it has been defined as such */
struct_or_union_specifier : struct_or_union '{' struct_declaration_list '}' | struct_or_union IDENTIFIER '{' struct_declaration_list '}' | struct_or_union 
IDENTIFIER
struct_or_union : STRUCT | UNION
struct_declaration_list : struct_declaration | struct_declaration_list struct_declaration
struct_declaration : specifier_qualifier_list ';' /* for anonymous struct/union */ | specifier_qualifier_list 
struct_declarator_list ';' | static_assert_declaration
specifier_qualifier_list : type_specifier specifier_qualifier_list | type_specifier | type_qualifier specifier_qualifier_list | type_qualifier
struct_declarator_list : struct_declarator | struct_declarator_list ',' struct_declarator
struct_declarator : ':' constant_expression | declarator ':' constant_expression | declarator
enum_specifier : ENUM '{' enumerator_list '}' | ENUM '{' enumerator_list ',' '}' | ENUM IDENTIFIER '{' enumerator_list '}' | ENUM IDENTIFIER '{' enumerator_list 
',' '}' | ENUM IDENTIFIER
enumerator_list : enumerator | enumerator_list ',' enumerator
enumerator /* identifiers must be flagged as ENUMERATION_CONSTANT */ : enumeration_constant '=' constant_expression | 
enumeration_constant
atomic_type_specifier : ATOMIC '(' type_name ')'
type_qualifier : CONST | RESTRICT | VOLATILE | ATOMIC
function_specifier : INLINE | NORETURN
alignment_specifier : ALIGNAS '(' type_name ')' | ALIGNAS '(' constant_expression ')'
declarator : pointer direct_declarator | direct_declarator
direct_declarator : IDENTIFIER | '(' declarator ')' | direct_declarator '[' ']' | direct_declarator '[' '*' ']' | direct_declarator '[' STATIC 
type_qualifier_list assignment_expression ']' | direct_declarator '[' STATIC assignment_expression ']' | direct_declarator '[' type_qualifier_list '*' ']' | 
direct_declarator '[' type_qualifier_list STATIC assignment_expression ']' | direct_declarator '[' type_qualifier_list assignment_expression ']' | 
direct_declarator '[' type_qualifier_list ']' | direct_declarator '[' assignment_expression ']' | direct_declarator '(' parameter_type_list ')' | 
direct_declarator '(' ')' | direct_declarator '(' identifier_list ')'
pointer : '*' type_qualifier_list pointer | '*' type_qualifier_list | '*' pointer | '*'
type_qualifier_list : type_qualifier | type_qualifier_list type_qualifier
parameter_type_list : parameter_list ',' ELLIPSIS | parameter_list
parameter_list : parameter_declaration | parameter_list ',' parameter_declaration
parameter_declaration : declaration_specifiers declarator | declaration_specifiers abstract_declarator | declaration_specifiers
identifier_list : IDENTIFIER | identifier_list ',' IDENTIFIER
type_name : specifier_qualifier_list abstract_declarator | specifier_qualifier_list
abstract_declarator : pointer direct_abstract_declarator | pointer | direct_abstract_declarator
direct_abstract_declarator : '(' abstract_declarator ')' | '[' ']' | '[' '*' ']' | '[' STATIC type_qualifier_list assignment_expression ']' | '[' STATIC 
assignment_expression ']' | '[' type_qualifier_list STATIC assignment_expression ']' | '[' type_qualifier_list assignment_expression ']' | '[' 
type_qualifier_list ']' | '[' assignment_expression ']' | direct_abstract_declarator '[' ']' | direct_abstract_declarator '[' '*' ']' | 
direct_abstract_declarator '[' STATIC type_qualifier_list assignment_expression ']' | direct_abstract_declarator '[' STATIC assignment_expression ']' | 
direct_abstract_declarator '[' type_qualifier_list assignment_expression ']' | direct_abstract_declarator '[' type_qualifier_list STATIC assignment_expression 
']' | direct_abstract_declarator '[' type_qualifier_list ']' | direct_abstract_declarator '[' assignment_expression ']' | '(' ')' | '(' parameter_type_list ')' | 
direct_abstract_declarator '(' ')' | direct_abstract_declarator '(' parameter_type_list ')'
initializer : '{' initializer_list '}' | '{' initializer_list ',' '}' | assignment_expression
initializer_list : designation initializer | initializer | initializer_list ',' designation initializer | initializer_list ',' initializer
designation : designator_list '='
designator_list : designator | designator_list designator
designator : '[' constant_expression ']' | '.' IDENTIFIER
static_assert_declaration : STATIC_ASSERT '(' constant_expression ',' STRING_LITERAL ')' ';'
statement : labeled_statement | compound_statement | expression_statement | selection_statement | iteration_statement | jump_statement
labeled_statement : IDENTIFIER ':' statement | CASE constant_expression ':' statement | DEFAULT ':' statement
compound_statement : '{' '}' | '{'  block_item_list '}'
block_item_list : block_item | block_item_list block_item
block_item : declaration | statement
expression_statement : ';' | expression ';'
selection_statement : IF '(' expression ')' statement ELSE statement | IF '(' expression ')' statement | SWITCH '(' expression ')' statement
iteration_statement : WHILE '(' expression ')' statement | DO statement WHILE '(' expression ')' ';' | FOR '(' expression_statement expression_statement ')' 
statement | FOR '(' expression_statement expression_statement expression ')' statement | FOR '(' declaration expression_statement ')' statement | FOR '(' 
declaration expression_statement expression ')' statement
jump_statement : GOTO IDENTIFIER ';' | CONTINUE ';' | BREAK ';' | RETURN ';' | RETURN expression ';'
translation_unit : external_declaration | translation_unit external_declaration
external_declaration : function_definition | declaration
function_definition : declaration_specifiers declarator declaration_list compound_statement | declaration_specifiers declarator compound_statement
declaration_list : declaration | declaration_list declaration

C (link)

grammar Clojure;
file_ : form* EOF ;
form : literal | list_ | vector | map_ | reader_macro ;
forms : form* ;
list_ : '(' forms ')' ;
vector : '[' forms ']' ;
map_ : '{' (form form)* '}' ;
set_ : '#{' forms '}' ;
reader_macro : lambda_ | meta_data | regex | var_quote | host_expr | set_
    | tag | discard | dispatch | deref | quote
    | backtick | unquote | unquote_splicing | gensym ;
quote : '\'' form ;
backtick : '`' form ;
unquote : '~' form ;
unquote_splicing : '~@' form ;
tag : '^' form form ;
deref : '@' form ;
gensym : SYMBOL '#' ;
lambda_ : '#(' form* ')' ;
meta_data : '#^' (map_ form | form) ;
var_quote : '#\'' symbol ;
host_expr : '#+' form form ;
discard : '#_' form ;
dispatch : '#' symbol form ;
regex : '#' string_ ;
literal : string_ | number | character | nil_
    | BOOLEAN | keyword | symbol | param_name ;
string_ : STRING ;
hex_ : HEX ;
bin_ : BIN ;
bign : BIGN ;
number : FLOAT
    | hex_ | bin_ | bign | LONG ;
character : named_char | u_hex_quad | any_char ;
named_char : CHAR_NAMED ;
any_char : CHAR_ANY ;
u_hex_quad : CHAR_U ;
nil_ : NIL ;
keyword : macro_keyword | simple_keyword ;
simple_keyword : ':' symbol ;
macro_keyword : ':' ':' symbol ;
symbol : ns_symbol | simple_sym ;
simple_sym : SYMBOL ;
ns_symbol : NS_SYMBOL ;
param_name : PARAM_NAME ;

Clojure (link)

https://docs.python.org/3/library/ast.html
https://www.open-std.org/jtc1/sc22/wg14/www/docs/n2310.pdf
https://github.com/antlr/grammars-v4/blob/master/clojure/Clojure.g4
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lambda a, b:  a < b
Expr(
  value=Lambda(
    args=arguments(
      args=[
        arg(arg='a’), 
        arg(arg='b')]), 
    body=Compare(
      left=Name(id='a’), 
      ops=[Lt()], 
      comparators=[
        Name(id='b’)
      ])
  ))



Modeling Language
lambda a, b:  a < b

Expr(
  value=Lambda(
    args=arguments(
      args=[
        arg(arg='a’), 
        arg(arg='b')]), 
    body=Compare(
      left=Name(id='a’), 
      ops=[Lt()], 
      comparators=[
        Name(id='b’)
      ])
  ))

Abstract Syntax Tree
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lambda a, b:  a < b
Expr(
  value=Lambda(
    args=arguments(
      args=[
        arg(arg='a’), 
        arg(arg='b')]), 
    body=Compare(
      left=Name(id='a’), 
      ops=[Lt()], 
      comparators=[
        Name(id='b’)
      ])
  ))

Abstract Syntax Tree

Tokens (bert-base-uncased)
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  '<‘, 
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Tokens (gpt2)
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Space of all syntactically 
correct programs
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Modeling Language

Problem Definition: Next Token Prediction

𝑡", 𝑡#, … , 𝑡$%"Input: Prefix Output: Next Token 𝑡$

Problem Example: Auto-completion

Input: Prefix for i in ??? Output: Next Token range



Modeling Language

Problem Definition: Next Token Prediction

𝑡", 𝑡#, … , 𝑡$%"Input: Prefix Output: Next Token 𝑡$

Problem Example: Auto-completion

Input: Prefix for i in ??? Output: Next Token range

['for', 'Ġi', 'Ġin', 'Ġ']
After tokenizing by GPT-2 tokenizer

𝑡" 𝑡# 𝑡& 𝑡'

𝑡(



Modeling Language

Problem Definition: Next Token Prediction

𝑡", 𝑡#, … , 𝑡$%"Input: Prefix Output: Next Token 𝑡$

Problem Example: Auto-completion

Input: Prefix Output: Next Token range['for', 'Ġi', 'Ġin', 'Ġ']

𝑡" 𝑡# 𝑡& 𝑡' 𝑡(



Modeling Language

Problem Definition: Next Token Prediction

𝑡", 𝑡#, … , 𝑡$%"Input: Prefix Output: Next Token 𝑡$

Problem Example: Auto-completion

Input: Prefix Output: Next Token range['for', 'Ġi', 'Ġin', 'Ġ']

𝑡" 𝑡# 𝑡& 𝑡' 𝑡(

Goal: Compute the probability Pr 𝑡$ 	 𝑡", 𝑡#, … , 𝑡$%")

Goal: Compute the probability Pr range	 for, Ġi, Ġin, Ġ)
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Problem Definition: Next Token Prediction

𝑡", 𝑡#, … , 𝑡$%"Input: Prefix Output: Next Token 𝑡$
Goal: Compute the probability Pr 𝑡$ 	 𝑡", 𝑡#, … , 𝑡$%")

N-Gram Models Recurrent Models Seq2Seq & Attention Transformers



Modeling Language

Problem Definition: Next Token Prediction

𝑡", 𝑡#, … , 𝑡$%"Input: Prefix Output: Next Token 𝑡$
Goal: Compute the probability Pr 𝑡$ 	 𝑡", 𝑡#, … , 𝑡$%")

Solution: N-Gram

N-Gram Models

Idea: Approximating Pr 𝑡$ 	 𝑡", 𝑡#, … , 𝑡$%") by only considering the 𝑛 − 1 tokens preceding it

Pr 𝑡$ 	 𝑡", 𝑡#, … , 𝑡$%") 	≈ Pr(𝑡$ 	|	𝑡$%)*", … , 𝑡$%") 



Modeling Language
Solution: N-Gram

N-Gram Models

Idea: Approximating Pr 𝑡$ 	 𝑡", 𝑡#, … , 𝑡$%") by only considering the 𝑛 − 1 tokens preceding it

Pr 𝑡$ 	 𝑡", 𝑡#, … , 𝑡$%") 	≈ Pr(𝑡$ 	|	𝑡$%)*", … , 𝑡$%") 

Problem Example: Auto-completion
Input: Prefix Output: Next Token

[‘print’, ‘(’] à ‘i’
[‘for’, ‘i’] à ‘in’
[‘i’, ‘in’] à ‘range’
[‘if’, ‘__’] à ‘name’
...

è
[‘i’,’in’,’range’] à 30 occurrences
[‘i’,’in’,’list’] à 2 occurrences
[‘i’,’in’,’arr’] à 4 occurrences

Search
[’i’, ‘in’] è

Trigram Database Occurrence Table

è

Probability Estimation
Pr range for, i, in, _)	

≈ Pr range i, in

≈
30

30 + 2 + 4
= 83.33% 

for i in ??? range



Modeling Language N-Gram Models

[‘print’, ‘(’] à ‘i’
[‘for’, ‘i’] à ‘in’
[‘i’, ‘in’] à ‘range’
[‘if’, ‘__’] à ‘name’
...

è
[‘i’,’in’,’range’] à 30 occurrences
[‘i’,’in’,’list’] à 2 occurrences
[‘i’,’in’,’arr’] à 4 occurrences

Search
[’i’, ‘in’]

è

Trigram Database Occurrence Table

è

Probability Estimation
Pr range for, i, in, _)	

≈ Pr range i, in

≈
30

30 + 2 + 4
= 83.33% 



Modeling Language N-Gram Models

[‘print’, ‘(’] à ‘i’
[‘for’, ‘i’] à ‘in’
[‘i’, ‘in’] à ‘range’
[‘if’, ‘__’] à ‘name’
...

è
[‘i’,’in’,’range’] à 30 occurrences
[‘i’,’in’,’list’] à 2 occurrences
[‘i’,’in’,’arr’] à 4 occurrences

Search
[’i’, ‘in’]

è

Trigram Database Occurrence Table

è

Probability Estimation
Pr range for, i, in, _)	

≈ Pr range i, in

≈
30

30 + 2 + 4
= 83.33% 

Trigram database = set of 3-tuples of consecutive tokens.
can be built from a dataset of programs



Modeling Language N-Gram Models

[‘print’, ‘(’] à ‘i’
[‘for’, ‘i’] à ‘in’
[‘i’, ‘in’] à ‘range’
[‘if’, ‘__’] à ‘name’
...

è
[‘i’,’in’,’range’] à 30 occurrences
[‘i’,’in’,’list’] à 2 occurrences
[‘i’,’in’,’arr’] à 4 occurrences

Search
[’i’, ‘in’]

è

Trigram Database Occurrence Table

è

Probability Estimation
Pr range for, i, in, _)	

≈ Pr range i, in

≈
30

30 + 2 + 4
= 83.33% 

Take the preceding 𝑛 − 1 tokens from the input
e.g. [for, i, in] à [i, in]



Modeling Language N-Gram Models

[‘print’, ‘(’] à ‘i’
[‘for’, ‘i’] à ‘in’
[‘i’, ‘in’] à ‘range’
[‘if’, ‘__’] à ‘name’
...

è
[‘i’,’in’,’range’] à 30 occurrences
[‘i’,’in’,’list’] à 2 occurrences
[‘i’,’in’,’arr’] à 4 occurrences

Search
[’i’, ‘in’]

è

Trigram Database Occurrence Table

è

Probability Estimation
Pr range for, i, in, _)	

≈ Pr range i, in

≈
30

30 + 2 + 4
= 83.33% 

Find the occurrences of 3-tuples 
given the first 2 tokens



Modeling Language N-Gram Models

[‘print’, ‘(’] à ‘i’
[‘for’, ‘i’] à ‘in’
[‘i’, ‘in’] à ‘range’
[‘if’, ‘__’] à ‘name’
...

è
[‘i’,’in’,’range’] à 30 occurrences
[‘i’,’in’,’list’] à 2 occurrences
[‘i’,’in’,’arr’] à 4 occurrences

Search
[’i’, ‘in’]

è

Trigram Database Occurrence Table

è

Probability Estimation
Pr range for, i, in, _)	

≈ Pr range i, in

≈
30

30 + 2 + 4
= 83.33% 

Apply Maximum Likelihood Estimation (MLE)

Pr range i, in =
Count i, in, range
∑+ Count(i, in, 𝑤)



On the Naturalness of Software, Hindle et. al., ICSE 2012
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On the Naturalness of Software, Hindle et. al., ICSE 2012
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N-Gram Models Recurrent Models Seq2Seq & Attention Transformers
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Modeling Language

Problem Definition: Next Token Prediction

𝑡", 𝑡#, … , 𝑡$%"Input: Prefix Output: Next Token 𝑡$
Goal: Compute the probability Pr 𝑡$ 	 𝑡", 𝑡#, … , 𝑡$%")

Recurrent Models



Modeling Language

Problem Definition: Next Token Prediction

𝑡", 𝑡#, … , 𝑡$%"Input: Prefix Output: Next Token 𝑡$
Goal: Compute the probability Pr 𝑡$ 	 𝑡", 𝑡#, … , 𝑡$%")

Recurrent Models

Problems with N-Grams:
- Can’t remember beyond a fixed window
- Data sparsity (unseen n-grams)
- Ignores semantic structures

Motivation:
- A model that can remember context of arbitrary length
- The context can be updated dynamically

è Recurrent Models



Modeling Language Recurrent Models

𝑥C 𝑥D

ℎC ℎD … ℎE

𝑥E𝑥F

ℎF ℎEGCℎH

𝑦C 𝑦D 𝑦F 𝑦E

Hidden states

Sequential inputs

…

…

…

Sequential outputs



Modeling Language Recurrent Models

𝑥C 𝑥D

ℎC ℎD … ℎE

𝑥E𝑥F

ℎF ℎEGCℎH

𝑦C 𝑦D 𝑦F 𝑦E

Hidden states

Sequential inputs

…

…

…

Sequential outputs

Transition function: ℎE = 𝑓I8 𝑥E, ℎEJC
Prediction function: 𝑦E = 𝑔I9(ℎE)



Modeling Language Recurrent Models

𝑡C 𝑡D

ℎC ℎD … ℎE

𝑡E

for i

𝑡F

ℎF

in print

ℎEGCℎH

𝑡̂D 𝑡̂F 𝑡̂K 𝑡̂EGC

Memory of coding context so far

Input tokens

Predicted next tokens



Modeling Language Recurrent Models

𝑡C 𝑡D

ℎC ℎD … ℎE

𝑡E

for i

𝑡F

ℎF

in print

ℎEGCℎH

𝑡̂D 𝑡̂F 𝑡̂K 𝑡̂EGC

Memory of coding context so far

Input tokens

Predicted next tokens



Modeling Language Recurrent Models

𝑡C 𝑡D

ℎC ℎD … ℎE

𝑡E

for i

𝑡F

ℎF

in print

ℎEGCℎH

𝑡̂D 𝑡̂F 𝑡̂K 𝑡̂EGC

Memory of coding context so far

Input tokens

Predicted next tokens

i
elem
token
x
j

,
in
)
x
_

range
enumerate
eval
arr
list

(
ln
hello_
!



Modeling Language Recurrent Models

𝑡C 𝑡D

ℎC ℎD … ℎE

𝑡E

for i

𝑡F

ℎF

in print

ℎEGCℎH

𝑡̂D 𝑡̂F 𝑡̂K 𝑡̂EGC

Memory of coding context so far

Input tokens

Predicted next tokens

i
elem
token
x
j

,
in
)
x
_

range
enumerate
eval
arr
list

(
ln
hello_
!

Memory/context encoder: 
ℎE = 𝑓I8 𝑡E, ℎEJC

Next token distribution: 
𝑡̂EGC = Pr(𝑡EGC|𝑡C, … , 𝑡E) = 𝑔I9(ℎE)

Draw the predicted next token:
𝑡EGC~Pr(⋅ |𝑡C, … , 𝑡E)



Modeling Language Recurrent Models

𝑡C 𝑡D

ℎC ℎD … ℎE

𝑡E

for i

𝑡F

ℎF

in print

ℎEGCℎH

𝑡̂D 𝑡̂F 𝑡̂K 𝑡̂EGC

Memory of coding context so far

Input tokens

Predicted next tokens

i
elem
token
x
j

,
in
)
x
_

range
enumerate
eval
arr
list

(
ln
hello_
!

Tokens: ['for', 'Ġi', 'Ġin', 'Ġrange', 
'(', '10', '):', 'Ċ', 'print', '(', 
'i', ')']
Token IDs: tensor([[1640, 1312,  287, 
2837,    7,  940, 2599,  198, 4798,    
7,   72,    8]])



Modeling Language Recurrent Models

𝑡C 𝑡D

ℎC ℎD … ℎE

𝑡E

for i

𝑡F

ℎF

in
print

ℎEGCℎH

𝑡̂D 𝑡̂F 𝑡̂K 𝑡̂EGC

Memory of coding context so far

Input tokens

Predicted next tokens

i
elem
token
x
j

,
in
)
x
_

range
enumerate
eval
arr
list

(
ln
hello_
!

Tokens: ['for', 'Ġi', 'Ġin', 'Ġrange', 
'(', '10', '):', 'Ċ', 'print', '(', 
'i', ')']
Token IDs: tensor([[1640, 1312,  287, 
2837,    7,  940, 2599,  198, 4798,    
7,   72,    8]])

1640 1312 287



Toward Deep Learning Software Repositories, White et. al., 2015



Modeling Language

Problem Definition: Next Token Prediction

𝑡", 𝑡#, … , 𝑡$%"Input: Prefix Output: Next Token 𝑡$
Goal: Compute the probability Pr 𝑡$ 	 𝑡", 𝑡#, … , 𝑡$%")

Solution: Recurrent Neural Network (RNN, LSTM, BiLSTM)

Idea: Compute Pr 𝑡$ 	 𝑡", 𝑡#, … , 𝑡$%") by employing a recurrent neural network

Recurrent Models

Memory/context encoder: 
ℎ! = 𝑓"! 𝑡!, ℎ!#$

Next token distribution: 
𝑡̂!%$ = Pr(𝑡!%$|𝑡$, … , 𝑡!) = 𝑔""(ℎ!)

Draw the predicted next token:
𝑡!%$~Pr(⋅ |𝑡$, … , 𝑡!)



Modeling Language

Problem Definition: Next Token Prediction

𝑡", 𝑡#, … , 𝑡$%"Input: Prefix Output: Next Token 𝑡$
Goal: Compute the probability Pr 𝑡$ 	 𝑡", 𝑡#, … , 𝑡$%")

N-Gram Models Recurrent Models Seq2Seq & Attention Transformers



Modeling Language

Problem Definition: Next Token Prediction

𝑡", 𝑡#, … , 𝑡$%"Input: Prefix Output: Next Token 𝑡$
Goal: Compute the probability Pr 𝑡$ 	 𝑡", 𝑡#, … , 𝑡$%")

N-Gram Models Recurrent Models Seq2Seq & Attention Transformers



Modeling Language Seq2Seq & Attention

Problem Definition: “Sequence-to-Sequence Translation”

𝐱 = 𝑥", 𝑥#, … , 𝑥)Input: Input Sequence Output: Next Token 𝑦$

Goal: Compute the probability Pr 𝑦$ 	 𝑦", 𝑦#, … , 𝑦$%", 𝐱)

Input: Generated tokens so far 𝑦", 𝑦#, … , 𝑦$%"



Modeling Language Recurrent Models

𝑥C 𝑥D

ℎC ℎD … ℎE

𝑥E𝑥F

ℎF ℎEGCℎH

𝑦C 𝑦D 𝑦F 𝑦E

Hidden states

Sequential inputs

…

…

…

Sequential outputs



Modeling Language Seq2Seq Models

𝑥C 𝑥D

ℎC ℎD … ℎO

𝑥O

𝑠CℎH

𝑦C 𝑦D 𝑦EJC

𝑠D 𝑠EJC… 𝑠E

𝑦E



Modeling Language Seq2Seq Models

𝑥C 𝑥D

ℎC ℎD … ℎO

𝑥O

𝑠CℎH

𝑦C 𝑦D 𝑦EJC

𝑠D 𝑠EJC… 𝑠E

𝑦E



Modeling Language Seq2Seq Models

𝑥C 𝑥D

ℎC ℎD … ℎO

𝑥O

𝑠CℎH

𝑦C 𝑦D 𝑦EJC

𝑠D 𝑠EJC… 𝑠E

𝑦E

Encoding

Decoding



Modeling Language Seq2Seq Models…

𝑥C 𝑥D

ℎC ℎD … ℎO

𝑥O

𝑠C

ℎH

𝑦C 𝑦D 𝑦EJC

𝑠D 𝑠EJC… 𝑠E

𝑦E



Modeling Language Seq2Seq & Attention

𝑥C 𝑥D

ℎC ℎD … ℎO

𝑥O

𝑠C

ℎH

𝑦C 𝑦D 𝑦EJC

𝑠D 𝑠EJC… 𝑠E

𝑦E



Modeling Language Seq2Seq & Attention

𝑥C 𝑥D

ℎC ℎD … ℎO

𝑥O

𝑠C

ℎH

𝑦C 𝑦D 𝑦EJC

𝑠D 𝑠EJC… 𝑠E

𝑦E

𝛼",#
𝛼#,#

𝛼),#



Modeling Language Seq2Seq & Attention

𝑥C 𝑥D

ℎC ℎD … ℎO

𝑥O

𝑠C

ℎH

𝑦C 𝑦D 𝑦EJC

𝑠D 𝑠EJC… 𝑠E

𝑦E

Attention Layer







Modeling Language Seq2Seq & Attention

Problem Definition: “Sequence-to-Sequence Translation” (Next token prediction)

𝐱 = 𝑥", 𝑥#, … , 𝑥)Input: Input Sequence Output: Next Token 𝑦$

Goal: Compute the probability Pr 𝑦$ 	 𝑦", 𝑦#, … , 𝑦$%", 𝐱)

Input: Generated tokens so far 𝑦", 𝑦#, … , 𝑦$%"

What problem can be phrased as “Translation” in Program Synthesis?

- Natural language to code generation
- Docstring à Implementation
- Code Repair: Buggy à Fixed Code
- Transpilation: Python Code à C Code



Modeling Language

N-Gram Models Recurrent Models Seq2Seq & Attention Transformers

Problem Definition: “Sequence-to-Sequence Translation” (Next token prediction)

𝐱 = 𝑥", 𝑥#, … , 𝑥)Input: Input Sequence Output: Next Token 𝑦$

Goal: Compute the probability Pr 𝑦$ 	 𝑦", 𝑦#, … , 𝑦$%", 𝐱)

Input: Generated tokens so far 𝑦", 𝑦#, … , 𝑦$%"



Modeling Language

N-Gram Models Recurrent Models Seq2Seq & Attention Transformers

Problem Definition: Next token prediction

𝐱 = 𝑥", 𝑥#, … , 𝑥)Input: Input Sequence Output: Next Token 𝑦$

Goal: Compute the probability Pr 𝑦$ 	 𝑦", 𝑦#, … , 𝑦$%", 𝐱)

Input: Generated tokens so far 𝑦", 𝑦#, … , 𝑦$%"



Modeling Language Transformers

Problem Definition: Next token prediction

𝐱 = 𝑥", 𝑥#, … , 𝑥)Input: Input Sequence Output: Next Token 𝑦$

Goal: Compute the probability Pr 𝑦$ 	 𝑦", 𝑦#, … , 𝑦$%", 𝐱)

Input: Generated tokens so far 𝑦", 𝑦#, … , 𝑦$%"



Modeling Language Seq2Seq & Attention

𝑥C 𝑥D

ℎC ℎD … ℎO

𝑥O

𝑠C

ℎH

𝑦C 𝑦D 𝑦EJC

𝑠D 𝑠EJC… 𝑠E

𝑦E

Attention Layer





Modeling Language Seq2Seq & Attention

𝑥C 𝑥D

ℎC ℎD … ℎO

𝑥O

𝑠C

ℎH

𝑦C 𝑦D 𝑦EJC

𝑠D 𝑠EJC… 𝑠E

𝑦E

Attention layer



Modeling Language Transformer

𝑥C 𝑥D

ℎC ℎD … ℎO

𝑥O 𝑦C 𝑦D 𝑦EJC…

ℎOGE

𝑦E

…

ℎOGC ℎOGD ℎOGEJC…

Attention layers & a lot more



Modeling Language Transformer

𝑥C 𝑥D

ℎC ℎD … ℎO

𝑥O 𝑦C 𝑦D 𝑦EJC…

ℎOGE

𝑦E

…

ℎOGC ℎOGD ℎOGEJC…

Attention layers & a lot more

…



https://poloclub.github.io/transformer-explainer/ 

https://poloclub.github.io/transformer-explainer/






Modeling Language Transformers

Transformers: How they work
- Self-Attention for the input
- Self-Attention for the output
- Cross-Attention for combining inputs and current output together
- Additional machinery: positional encodings, multi-headed attention, etc.
- Causal decoder-only models

Problem Definition: Next Token Prediction

𝐱 = 𝑥", 𝑥#, … , 𝑥)Input: Input Sequence Output: Next Token 𝑦$

Goal: Compute the probability Pr 𝑦$ 	 𝑦", 𝑦#, … , 𝑦$%", 𝐱)

Input: Generated tokens so far 𝑦", 𝑦#, … , 𝑦$%"



Modeling Language

Problem Definition: Next Token Prediction

𝑡", 𝑡#, … , 𝑡$%"Input: Prefix Output: Next Token 𝑡$
Goal: Compute the probability Pr 𝑡$ 	 𝑡", 𝑡#, … , 𝑡$%")

N-Gram Models Recurrent Models Seq2Seq & Attention Transformers



Today
Behavioral Specification
- What should the program do?

Structural Specification
- What is the space of the programs?

Synthesis Strategy
- How do we find such a program?

Data-Driven Approaches
- Modeling programs as token sequences
- Modeling synthesis as next token prediction

1. Examples
2. Types
3. Functional Specifications
4. Natural Language

General Purpose Programming Language
Python / Java / C / Rust / …



Week 3

• Assignment 1
• https://github.com/machine-programming/assignment-1
• Start working on the assignment early!

• Assignment 2
• Will be released later this week!

• Waitlist
• All waitlisted students should be able to enroll
• Let me know if you do not have access to courselore and GradeScope
• API keys should have been sent out

https://github.com/machine-programming/assignment-1

